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ON CONTINUED FRACTIONS, FUNDAMENTAL UNITS
AND CLASS NUMBERS OF REAL QUADRATIC
FUNCTION FIELDS

PyunG-LyuN KANG*

ABSTRACT. We examine fundamental units of quadratic function
fields from continued fraction of v/D. As a consequence, we give
another proof of geometric analog of Ankeny-Artin-Chowla-Mordell
conjecture and bounds for class number, and study real quadratic
function fields of minimal type with quasi-period 4.

1. Introduction

Let D be a positive square-free integer and let u = @ be a
fundamental unit of the real quadratic number field Q(v/D), where o = 2
if D=1 mod 4 and ¢ = 1 otherwise. Ankeny-Artin-Chowla-Mordell
conjecture can be written that s 20 mod D when D is a prime number.
Although this conjecture is checked to be true for many primes, neither
a counter example nor proof is found. On the other hand, the geometric
version is simpler and is proved in [12].

In this paper, we examine fundamental units of quadratic function
fields from continued fraction of v/D following the similar method as in
[2] for real quadratic number fields. As applications, we give another
proof of geometric analog of Ankeny-Artin-Chowla-Mordell conjecture
and better bounds for class numbers and study real quadratic function
fields of minimal type with quasi-period 4.
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2. Continued fractions and fundamental units: odd charac-
teristic

Throughout this paper we fix some notations.

Let g be a power of an odd prime p, A = F,[t], k = Fy(t) and Ay
be the subset of A consisting of monic polynomials. We always assume
that D € A, is a squarfree monic polynomial of even degree 2d where
kp := k(v/D), Op the integral closure of A in kp and ep = Tp+Upv/D,
Tp,Up € A the fundamental unit of kp, i.e. the generator of O*D/IF’:I.

Let © € kp and = = [Ap, A1,...] be the continued fraction of x.
Define

@-1(z) =0, Qo(z) =1
Qn(z) = AnQn-1(x) + Qn2(x) forn >1
P_i(z)=1, Py(z)= A4
Py(x) = ApPy_1(x) + Pp—2(xz) forn > 1.
Let Bi,..., B, be nonconstant polynomials in A. Define

QO) =1, Q(B1) = By and

Q(B1,...,Biy1) = Bip1Q(By, ..., Bi) + Q(Bu, ..., Bi—1).

For c € F,
B,_; = c(*l)lBHl for all 0 < i < 5. The definition of c-symmetry in [3]
is incorrect. Note that if n is odd, then ¢ must be 1. It is well-known

that the continued fraction of v/D is of the form
[Ao : B1,...,Bm-1,2A0/¢, Bp—1, ..., B1,2A0],

we say that the ordered set {By,..., B,} is c-symmetric if

and the fundamental unit ep of kp for square-free D is given by
¢p = Pr_1(VD) + Qm-1(VD)VD

where {Bi,...,Bpn-1} is c-symmetric, P17 = AoQ(B1,...,Bm—1) +
Q(Ba,...,Bpn-1) and Q-1 = Q(Bi1,...,By,—1). Since c-symmetricity
of {Bl7 ceey Bmfl} implies Q(BQ, e ,Bmfl) = CQ(Bl, .. ,Bm,Q)7 we
have

Tp = AoQ(B1,...,Bm-1) +cQ(Bi,..., By 2) and

Up=Q(Bi1,...,Bn-1).

The following theorem is given in [3], Theorem 2.1.
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THEOREM 2.1. Let m be a positive integer and ¢ € F, and let
{Bi,...,Bn_1} be a set of nonconstant polynomials in A. Then the
equation

\/5 = [[@],Bl,. . .,Bm_l,Q[\/ﬁ]/C, Bm—ly .. .,31,2[\/5“

has infinitely many solutions D € A if and only if {B;} is c-symmetric,
where [v/D] denotes the polynomial part of v/D. In this case,

D=D(X)=aX?+ X 4+~

with polynomial coefficients «, 3 and v as X ranges over F[t], where
a=1,8=0and~y=cform=1, and, for m > 1,

o = Q(Bl, Ce ,Bmfl)Z,
B=3cQ(By,...,Bn_2)+ (=1)""PQ(B,...,By_2),
v =c(cQ(By,...,Bn_2)?/4+ (—1)™HQ(By, ..., Bn_2)>.

In fact,

(2.1)
Ao = [VD]
-y
= TCCg(Bla vy Bm—Q)Q(B27 v 7Bm—2) + XQ<B17 CE) 7Bm—1)7
and

D — A2 = (—=1)""'eQ(By,...,Bm_2)* +2XcQ(B1,. .., Bnm_2)
(2-2) _ 2AOCQ(B1, o ,Bm_g) + CQ(BQ, ce Bm_g)
Q(B17"'7Bm—1) ’

Note that the discriminant 32 — 4oy of D(X) is (—1)™4c, which is a
unit.

Let m be a positive integer and {Bj,...,B,—1} be a c-symmetric
set. Define the set S(m; By,..., Bn—1) by

S(m;Bi,...,Bm—1) : ={D € Ay : D is squarefree of even degree with
\/B == [AO; Bl, ey Bmfl, 2A0/C, Bmfl, ey Bl, 2A0] }
The following theorem is the main theorem of this section.

THEOREM 2.2. For all D = D(X) € S(m;Bi,...,Bn_1), we have
degUp < deg D unless
(_;)m CQ(Bl, e ,Bm,Q)Q(BQ, ey Bm,Q)
Q(Bh v 7Bm—1)

X:X()::
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Proof. Form < 3 it is easy to see that deg Ag > deg Q(B1,...,Bm—1) =
deg Up from the equation (2.1). Thus degD = 2deg Ay > degUp as
desired. Now assume m > 4. Since deg D = 2deg Ay and degUp =
degQ(Bi,...,Bm-1) = deg By + ... + deg By,—1, it is clear from (2.1)
that deg D > 2degUp > deg Up unless leading terms of two parts of Ag
in (2.1) are cancelled out, i.e., X is the polynomial part of

%CQ(BD ) Bm—Q)Q(BQ, . 7Bm72)
Q(Bl,...,Bm_l) ’
which is X in the Theorem. =

We say that D is of minimal type if D = D(X() where X is defined
in Theorem 2.2.

Note that there is no minimal type for m < 3.

If D is not of minimal type, then deg Up < deg Ag. So, we have

degTp = deg Ap + degUp < 2deg Ag = deg D

as well as deg Up < deg D. So, non-minimal type D satisfies goemetric
analogue of Ackeny-Artin-Chowla-Mordell conjecture.

GOEMETRIC ANALOGUE OF ACKENY-ARTIN-CHOWLA-MORDELL CON-

JECTURE. For a monic square free polynomial P of even degree, Up % 0
mod P.

Let up be the quasi-period of v/D. Tt is shown in the proof of Theo-
rem 2.2 that degUp < deg D for up < 3.

ProproSITION 2.3. Let D be a squarefree monic polynomial of even
degree.

i) If up < 4, then degUp < deg D.

i) If up =5, then Up 0 mod D.

Proof. i) Suppose that up = 4. Then ¢ = 1 since up — 1 is odd.
Therefore

VD = [Ag, M, N, M, 2Ay, M, N, M, 2A,]
for some M, N € A. Let P;/Q; be the i-th convergent of
[0; M,N,cM,2Ay/c,cM, N, M,2Ap|.

Then we have
Py=0,PL=1,P,=N,P3s=MN +1,
Qo=1,Q1 =M, Q=MN+1, Q3 =M°N +2M
and, by (2.2),
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240(MN +1)+ N
M2N +2M

Since D # A3 and D € A, M?N + 2M divides 2Ag(MN + 1) + N. So
we can write 249 = MK + R where K # 0 and deg R < deg M. Then
B = K + G with deg G < deg K. Note that

R(MN +1)+ N — KM
M2N +2M
Case 1. Assume G = 0. In this case we have
240 = MK + R= N(RM + 1) 4+ 2R.
Note R # 0: for, if R =0, then 24y = N and pup < 4. Therefore
deg D = 2deg Ag
= 2(deg M +deg N +deg R) > 2deg M + deg N = deg Q3 = deg Up.

D=Aj+B= A5+

G = € A.

Case 2. Assume G = SOV HICEM o4 o Then deg KM > deg M2N

since deg R < deg M. Therefore deg K > deg M + deg N and
deg Ag =deg K +deg M > 2deg M + deg N = deg (3 = degUp.
So, deg D = 2deg Ag > deg Up.
ii) Write

VD = [Ag; M,N,N/c,cM,2Aq/c,cM, N/c, N, M,2A).
Then
Py=0,Pi=1,P,=N, Ps=N?/c+1, Py= MN?+cM + N,

Qo=1,Q1 =M Q=MN+1,Qs=MN?/c+ M+ N/c,
and
Q1= M*N? + ¢cM? +2MN +1.

240(MN? + N +cM) + N? +¢
A2 e
As before, D = Aj + B, where B := M2N2 + ¢M2 + 2MN + 1

Since 0 # B € A, we need deg Ag > deg M. Again, by writing 24 =
MK + R with deg R < deg M, we can assume that B = K + H with
deg H < deg K, where

R(MN?+c¢M + N)+ N?+c— K(MN +1)
M2N?2 +cM? +2MN + 1

(23) H=



188 Pyung-Lyun Kang

Case 1. H = 0: From (2.3), H =0 <= K(MN +1) = R(MN? +
cM+N)+N?+c=RN(MN +1)+cMR+ N? +c. So
cRM + N? + ¢
(24) K = RN+ S, Where S = W

Thus
(2.5) 24 = MK+ R=M(RN+S)+ R=R(MN + 1)+ MS.

We claim that R # 0 if up = 5. Suppose R = 0, then we get from
(2.4) that

N2 ¢
MN +1’
Since deg(N(M — MK)) > deg N unless N— MK = 0 and deg(K —c¢) =
deg N —deg M, we must have K = cand N = M K = cM, which implies
that up = 2 since VD = [Ag, M, cM].

If deg R > 0, then

deg D =2deg Ap = 2deg(MNR) > 2deg M N = deg Q4 = deg Up,

and thus Up Z 0 mod D.

Now suppose that R = a € F and that Q4 = Up =0 mod D. Since
deg D = deg Q4, Q4 = bD for some b € F};. Note that, using (2.4), (2.5))
and our assumptions,

D=Aj+B
_ a®M?N? +a* + S°M? 4 2aM>N S + 2aM S + 2a* M N + 4aN + 45
= ; :

K=8§= ie, N(N-MK)=K —c.

Thus b = 4/a? and

S2ZM?2 + 2aM2NS + 2aM S + 4aN + 4S8

Q4 =bD = M°N*+2MN+1+ -

a
Thus
(2.6) a?cM? = S?M? + 2aM*N S + 2aM S + 4aN + 48.

Since degS = deg N — degM > 0, the degree of RHS of (2.6) is
2deg N + deg M, which is bigger that the degree of LHS, and we get a
contradiction.

Case 2. H # 0 : From (2.3), we see that

deg K > deg M + deg N
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as in i). Now we see that
deg D = 2deg Ag
=2(deg M +deg K) > 4deg M + 2deg N > deg Q4 = degUp,
as desired. O

As a corollary of Proposition 2.3, we get another proof of geometric
version of Ankeny-Artin-Chowla-Mordell conjecture when pup < 5 over
a field of odd characteristic.

3. Continued fractions and fundamental units: even charac-
teristic

In this section we assume that ¢ is a power of 2 and we consider
the same problem as that of section 1 in characteristic 2. Let S be the
set of all pairs (4, B), A,B € A, A nonconstant polynomial such that
X2 + AX + B is irreducible and the solution YA,B) € k generate a real
quadratic extension of k. Let &’ be the set of all pairs (4, B), A, B € A,
A monic nonconstant polynomial such that

(3.1) X2+ AX+B=0 mod C?

has no solution in A for each nonconstant divisor C' of A. Assume
that y = y 4, p) satisfies |y| > 1. It is well-known that any real quadratic
function field K is of the form K = k(ya p)) =: k(a,p) for some (A, B) €
&’. Tt is shown in [1] that the ring of integers of k(y) is k[y] for (A, B) €
S’. The problem is that different pairs in &’ can determine the same
quadratic extension. In the next lemma, we solve this problem.

LEMMA 3.1. Let 8” be the subset of 8’ such that deg B < deg A.
Then there is a one-to-one correspondence between the set of real qua-
dratic function fields and the set S”.

Proof. Let y = y(a,p) be a zero of X2 4+ AX + B. We may assume
that deg B < 2deg A since X2+ AX + B =0 mod A? has no solutions.

Suppose that deg B > deg A. Then there exist @ and R in A such
that B = AQ + R with deg R < deg A. Then vy = y + Q is a root of
X2+ AX+(Q*+R), and y and 3 generate the same quadratic extension.
Note that either deg(Q? + R) < degR < degA or deg(Q? + R) =
degQ? = 2deg B — deg A < deg B since deg B < 2deg A. One can
continue this process to get deg B < deg A.

Now suppose that k(y(a,p)) = k(ycar,py) = K for (A, B) and (A', B') €
S”. Since A is an invariant of K ([1], Lemma 5.2), we must have A = A’.
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Then B’ = B + U? + AU for some U € A. Since deg B',deg B < deg A,
we need deg(U? + AU) = degU + deg(U + A) < deg A, which is impos-
sible unless U = 0. So, B = B’. O

LEMMA 3.2. If (A, B) € 8", then y = y(a,p) is reduced, that is,
|Al = |y| > 1 > |y+A|. Infact, y+[y]+ A is reduced for any (A, B) € S.

Proof. This follows from the fact that the conjugate § of y is y + A,
and that [y] = A in the case (A4, B) € §”. O

Now we see from [13], §5 that if [y] = A, then the continued fraction
expansion of y is
Yy = [Aa Bh e Bmfla A/Ca Bmfla s 7Bla A]a

where {Bj, ..., By,—1} is c-symmetric. Imitating almost the same proof
of Theorem 2.1 in [3], we get the following theorem.

THEOREM 3.3. Let m be a positive integer and ¢ € Fg, and let
{Bi1,...,Bn_1} be a set of nonconstant polynomials in A. Then the
equation

y(A,B) = [A7 Blv s 7Bm717 A/Ca Bmfla SRR Bl]

has infinitely many solutions (A, B) € S if and only if { B;} is c-symmetric.
In this case,
(32) A= CQ(Bl, ce ,Bm,Q)Q(BQ, e Bm,Q) + XQ(Bl, e ,Bmfl)
and
B =cQ(By,...,Bmn_2)?+cXQ(B,...,Bn_s),

for X € A so that A is monic.

We say that (A, B) € S is of minimal type if (A, B) is obtained by
taking
CQ(Blv ey Bm—?)Q(B2a .. 7Bm—2)

Q(Blv"')Bm—l) ’

that is, deg A < deg Q(Bi,...,Bm-1) = (deg By + - - - + deg Bp,—1).

Assume that (A, B) € S8”. Let € = €4y = T(a,B) + Ua,B)Y(4,B) be
the fundamental unit. Then as in the odd characteristic case Uy gy =
Q(B1,...,Bm-1). If (A, B) € §” is not of minimal type, then deg A >
deg Q(By,...,Bn—_1) and so

deg T(a,p) = deg A+ deg Q(B1, ..., By—1) < 2deg A.

Now Proposition 3.4 and 3.5 are characteristic 2 analog of Propo-
sition 2.3 (i) and (ii) respectively. Let m be a positive integer and

X =Xo
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{Bi,...,Bmn-1} be ac-symmetric set. Define the set T'(m; By, ..., By—1)
by
T(m;B1,...,Bn-1) ={(4,B)eS": Y(A,B)
=|[A;B1,...,Byn-1,A/¢,Bp_1,...,B1]}.
Let p(4,p) be the length of the quasi-period of y 4 p).

PROPOSITION 3.4. For any (A, B) € 8" with pap) <4, Uap) #0
mod A.

Proof. If 4 gy < 3, then deg A > deg U4, p) by the equation (3.2).
Let y := ya,B), U := Ua,p) and p = pa p) for simplicity. Suppose
that u = 4. Since u — 1 is odd, we have ¢ = 1.

y=[A,M,N,M].
Let P;/Q; be the i-th convergent of [0; M, N, M, A]. One can easily
compute that
FPh=0,P =1, P =N,Ps=MN+1,
Qo=1,Q1 =M Q=MN+1,Q3=MN
and
A(MN +1)+ N
M2N
Since 0 # B = % €A degA >degM. Let A= MK+ R

with deg R < deg M, and let B = K 4+ G with deg G < deg K. Then
G — BOINFD)EN=—KM
= M2N .

B =

Case 1. G = 0: In this case we have
A=MK+ R = N(RM +1).
If R=0, then A= N and pup < 4. So we assume that R # 0. Suppose
that U = M?N = 0 mod A. Then MR + 1 divides M?, which is
impossible.
s _ R(MN41)+N-KM
Case2. G #0: Sincedeg R < deg M and 0 # G = N €
A, we have deg KM > deg M2N, which implies that
deg K > deg M + deg N.
If deg K > deg M + deg N, then deg A > 2deg M + deg N = deg U and
we are done. Assume deg K = deg M +deg N. Then G = a € F;. Then
MK =aM?N + R(MN +1)+ N and A=aM?N +RMN + N.

Suppose that U = M?N = 0 mod A. Then we must have that 0 =
RMN + N = N(RM + 1), which is impossible. O
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PROPOSITION 3.5. Let (A, B) € 8" with yi(4,p)y = 5 such that
Y,B) = [AvM)NvN/CchvA/CaCM’N/chaM]'
If deg N < deg M, then Uiy py #0 mod A.

Proof. From the proof of Proposition 2.3(ii), (3.1) and (3.2), it is easy

to get
U =Uup = M’N*+cM +1,
A= (MN?4cM + N)(N?/c+1) + X(M*N? 4+ cM? + 1),
B =c¢(N?/c+1)> + X(MN? +cM + N).

Note that both MN? + ¢M + N and (N?/c+ 1) are relatively prime to
(M2N? + cM? +1). Therefore A fU if X = 0. So, assume that X # 0.

If deg N < $deg M, ie., deg(MN*) < deg(M?N?) = degU, then

A U too.
Suppose that %degM < degN < degM and A = E+ XU | U,

where E = (MN? + cM + N)(N?/c+1). Then U = YE + XYU and

YE = (XY +1)U. Since (E,U) =1and (Y, XY +1) = 1, we must have
E=XY+1 and Y =U.

By comparing degrees, we have deg X = degFl — degU = 2deg N —

deg M > 0. Having deg(N?) > deg M, there exist R and S such that

N2?/c+1 = MR+ S with R # 0 and degS < deg M. Then from
F=XY+1andY =U, we must have X = R and

MNR+ MN?S+c¢MS+NS+R+1=0,

which implies that S # 0 and 0 < degS = deg N — deg M. Now from
the equations of A and U, we get the result. O

4. Bounds for L(1,x)

Let x be a nonprincipal quadratic character with conductor D of
degree 2d > 0. Then it is known that

2d—2

L(s,x) = [T 0 =m(x)a ),

i=1
with |7;(x)| = /¢, from which we have trivial bounds for |L(1, x)|;
(1= v@)*? < L1, x)| < (1+va)* 2

But these bounds are not useful, and we will obtain better bounds for
our purpose.
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Note that

L(Sv X) = Z

—ms
qdeg(A Z Xm{q
MeAy

where x,, i =Y M € A;, deg M = mx (M) for nonnegative integer m.
It is known that x,, = 0 for m > 2d — 2 and ([5])

(4.1) IxXm| < 2\/§2d_2 = 2441, IXm| < ¢™ form <d-1.
Using these inequalities, we obtain the following upper bound.

ProprosITION 4.1. |L(1,x)| < d+ 2B < d+ 1, where

d—1
B =

d—1 __
1 g 1 1
_ <

L i e

l\.')\r—t

3

We also have, from (4.1),
LEMMA 4.2. For |s — 2| < 4/3, we have
[L(s,x)| < 2¢°71 < ¢* = |D|'V?
for all d for ¢ > 5,d > 2 for g =3, and d > 5 for g = 2.
Due to the above Lemma and Lemma 11.7 in [9], we have

THEOREM 4.3. For 0 < € < 4/27, we have

€/16

|D|e/2

for all d for q > 5,d > 2 for g =3, and d > 5 for ¢ = 2.

L(1,x) >

Proof. From Lemma 11.7 in [Wa], L(1,x) > (1 — a)(|D|¥/2)74(-2)
for 26/27 < o < 1. By taking 4(1 — ) = ¢, we get our lower bound of
L(L, ). O

5. Yokoi’s invariants in odd characteristic

Let D be a square-free monic polynomial of even degree 2d. Let ep =
Tp +Upv'D be the fundamental unit of Kp with o = N(ep) =1 where
7 a fixed generator of Fy. Let Np and Ap be the unique polynomials
such that

Tp = U3Np + Ap,
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with Ap = 0 or deg Ap < deg Uj%. We call Np the Yokoi invariant of
D (ct.[10], [11]). Since

DU} =T3 —a =ULNY +2ApUANp + A% — a,
there exists a unique Bp such that A2D —a=2B DU%. Then
(51) D:U%N%—FQADND—FBD:TDND—I—ADND—l-BD.

Note that if deg Up > 0, then Ap cannot be 0 since A% —a = BDU,%.
If Ap # 0, then Bp = 0 when AZD = «, or degBp = 2deg Ap —
2degUp < deg Ap.

LEMMA 5.1. We have Np = [D/Tp], where [z] denotes the polyno-
mial part of x. Moreover, if Ap = 0, then D = (81p)? — 3, that is,
D is of Chowla type.

Proof. Suppose that Np = 0, that is, degTp < 2degUp. Since
T2 -DU% =a € Fy, deg D = 2deg Tp —2deg Up = deg Tp + (deg Tp —
2degUp) < degTp, so [D/Tp] = 0.

Assume now that Np # 0, that is, degTp > 2degUp. Then from
(5.1) [D/Tp] = Np since degTp = 2degUp + deg Np > deg Ap +
deg Np and deg Bp < deg Ap < degTp (unless Bp = 0).

If Ap =0, then Up € Fj and D = T33* — af? for some 3 € Fy. O

In the proof of Lemma 5.1, we also observed the followings.
(1) The three conditions are equivalent:
i) Np =0 ii)degD < degTp iii) degTp < 2degUp.
(2) Ap =0 holds only if degUp = 0.

Therefore if Np # 0, degD > degTp > 2degUp. Thus Up # 0
mod D since deg Up < deg D. This is another proof of geometric version
of Ankeny-Artin-Chowla conjecture.

Using Proposition 4.1, Theorem 4.3 and the fact that

qg—1
L(1,x) =

il

where hp is the ideal class number of Op and Rp = log|ep| is the
regulator of Op, we get the bound for hp in the following.

hDRD7

THEOREM 5.2. Let D be a monic square-free polynomial of even
degree and Np be Yokoi invariant of D explained before. Then

deg D — deg Np if Np #0
(1) degep = .
degTp > deg D if Np =0
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(2) If Np # 0, then

€ q1-9) ¢ (d+1)
— < hp <
16 (¢ — 1)(2d — deg Np) log q (¢ —1)(2d — deg Np)log g

for 0 < e < 4/27. For left inequality, we need that d > 2 for ¢ = 3
and d > 5 for g = 2.

Note that degTp < deg U]% if Np = 0. We now can derive the similar
2 2
bound for hp by using polynomial part [%} of % instead of [%} . For
this, we write Tp = DMp + Ep where deg Fp < deg D. Note Ep =0
cannot happen since T3 = E]% = a mod D. We now claim

(5.2) [Ulﬂ — My,

For, if Mp = 0, then degTp < deg D, deg U12) = deng% —degD =
2

deg Tp+ (degTp —deg D) < deg Tp. Therefore if Mp = 0, then [%} =
0. Suppose Mp # 0. Then, if one writes E% — o = DFp,

U?% = DM? + 2EpMp + Fp = mpTp + EpMp + Fp.
2
Again by degree computation, [%} = Mp.
Note that if D is not of minimal type, then Mp = 0 or mp =
deg Mp = 0.

THEOREM 5.3. Let P be a monic prime of even degree. Then Ankeny-
Artin-Chowla-Mordell conjecture is true if and only if EpFp # 2aMp
mod P. In particular, if Mp = 0 mod P, then Ankeny-Artin-Chowla-
Mordell conjecture is true.

Proof. Suppose that Mp = 0 mod P. Note that Ep #Z 0 mod P
and a = 7, which is not a square in F,. Thus Fp # 0 mod P. The
others are straightforward. O

The following Theorem is analog of Theorem 5.2 using Mp in equa-
tion (5.2). Note that from the definition that deg Np > 0 (resp. Np = 0)
if and only if Mp = 0 (resp. deg Mp > 0).

THEOREM 5.4. For any monic square-free polynomial D of even de-
gree 2d > 0,

(1) [en/D] =2Mp
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(2) If Mp # 0, then
6qd(lfe) <hp< qd(d—i— 1)
16(q — 1)(2d + deg Mp)log q (¢ —1)(2d 4+ deg Mp)logq’

where 0 < e < 4/27. For left inequality, we need that d > 2 for
q=3andd>>5 for g =2.

Proof. (1) Let [Upv/D/D] = M’, that is, Upv/D = M'D + b with
|b| < |D|. Then

1> |Tp — UpVD| = |(Mp — M")D + (Ep — b)|.

We must have M’ = Mp and [ep/D] = 2Mp.
(2) follow from Proposition 4.1, Theorem 4.3 and (1). O

A solution (X,Y) of X2 — DY? = 3Z with monic Z and 3 € [Fy is
said to be trivial if Z = M? and M divides both X and Y.

LEMMA 5.5. If there is a nontrivial solution to X?> — DY ? = 3Z, then

deg Z > deg Np.
Proof. With the notations of §1, we see that
np =deg Np =d — (deg By + -+ - + deg By,—1).
By Lemma 1.24 and 1.25 of [3],
deg Z = d — deg B;,

for some 0 < i < m. Hence we get the result. O

Now following the arguments of [7], §3, and using [1] Proposition 4.1,
we get

THEOREM 5.6. (1) Let pp be the least degree of primes which splits
in k(\/f)) If np =deg Np # 0, then hp > np/pp.
(2) If np > d—1 and h(D) = 1, then D is Richard-Degret type.
(3) Let pp be the least degree of primes which is noninert in k(v/D).
If np = deg Np # 0 and hp is odd, then hp > np/pp.

6. Real quadratic function fields of minimal type with qusi-
period 4

We have the following analogue of Siegel’s theorem, which follows
easily from Theorem 7.6.3 of [8].
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PROPOSITION 6.1. Let D be a monic square-free polynomial of even

degree. We have
log(hp degep) 1
im ———————==_

deg D—o0 log |D| 2
LEMMA 6.2. Let {D,} be a sequence of monic square-free polynomials
such that deg D,, — o0 asn — oo and deg D,, < deg Dy, 1. Assume that
Mp, # 0, and that the sequence {mp, = deg Mp, } is bounded. Then
the sequence {hp, } is not bounded.

Proof. By Theorem 5.4(1),
degep, = degD,, + deg Mp,,
and so
im logdegep,
n—oo log|Dy|

If {hp, } is bounded, then we get a contradiction from Proposition 6.1.
O

=0.

Now we construct a family of monic polynomials of minimal type
with quasi-period 4.

ProproSITION 6.3. Let B be a nonconstant polynomial. For any
nonzero polynomials E and F with deg F' < deg B, we put

1
D=D(E,F):= Z(B2EF —BE+ BF*+ F)? - BEF +E — F?
1 1 1
= J(B(BF — 1))%E?% + 5((BF)2 ~1)(BF = 2)E + ;(BF - 1)2F2.

Then D is of minimal type with period and quasi-period 4 and
VD =[—(B*EF — BE + BF?> + F)/2,
B,BEF, B, —(B2EF + BE + BF2 + F)].
F[urth]ermore, if D is square-free, then Mp = —2([B/F] + [1/F?] +
2[1/E]).

LEMMA 6.4. (Nagell, Theorem 45) Let f(X) = aX? + 3X + v be a
quadratic polynomial in A[X]| with o monic. For each integer t, there
exist infinitely many irreducibles P which is a divisor of f(T') with some
polynomial T" with degree >t

Proof. The proof is exactly the same as the case of Z. O

Assuming Lemma 6.4, we can prove the following analogue of [6],
Proposition 6.1.
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PROPOSITION 6.5. Let f(X) be as in Lemma 6.4. Let t; be a positive
integer such that for any A with deg A > t1, the leading coefficient of
f(A) is a square in F;. Suppose that the discriminant d(f) = 3> —4ary is
not 0 and that ged(a, 3, ) is square-free. Then, the set { f(A) : deg A >
t1} contains infinitely many square-free elements.

Proof. For any real number z > ¢, define
Ax) := #{A € Alt; < deg A <z, f(A) is square-free}.

Our aim is to prove A(z) — oo as * — oo. By Lemma 6.4, there
exist infinitely many monic irreducibles P which is a divisor of f(A)
for some A with deg A > t;. We arrange these P, P»,..., so that
deg P; < deg Pj+1. As

1 1 q
N A

there is a number m > 2 such that

(6.1) i Lo el
' =R 2
and
P, foa-d(f) ifi>m.
Put
P:=P?...P2 .
As in the proof of Proposition 6.1, [6], there exists Ag; € A such that

ordp,(f(Ao,)) <2foreachi (1 <i<m-—1)and Ay € A with deg Ay >
t1 such that

Tp = Ap; mod Pf, for 1 <i<m-—1.
Consider a quadratic polynomial
g(Y) := f(PY + Ap) € A[Y].
Define, for a positive real number y > deg Ay — deg P,
B(y) :=#{A € A: deg Ay — degP < deg A <y, g(A) is square-free}.
Then, for y > degTy — deg P,
A(degP +y) > B(y).

For a monic irreducible P and a real number y > degTy — degP, we
define

Bp(y) := #{A € A:deg Ag — degP < deg A <y, g(A) =0 mod P?}.
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Then we have
B(y) > (¢ — ¢ 4079 ") =3 " Bp(y).
P

(I) If P is different from P;’s, i@ > 1, then P does not divide f(A)
for all A with deg A > t;. Hence P does not divide g(A) for all A with
deg A > deg Ag — deg P. Thus Bp(y) = 0 in this case.

(IT) Suppose that P = P; for some 1 <i <m — 1. Since PA+ Ty =
Ay = Ap,; mod Pf, we see that g(A) = f(Ap;) #Z 0 mod Pf. Hence
Bp(y) = 0 in this case, too.

Let G = ged(a, B,7), and

FX) =G ] (),
k=1

be the factorization of f(X) into irreducible polynomials in A[X] (v =1
or 2). Then

g(V) =G [ (X)), gr(Y) = fr(PY + Ap).
k=1

Let ny = deg fx(X). Then there are some real numbers y; > 0 and
ci, > 0 such that

deg A >y, = deg g (A) < ¢ + ni deg A,
deg A > yi, deg A > deg B > deg Ag — deg P = deg gr(B) < deg gr(A).
Put yo := max{yx} and ¢ := max{c}, and assume that y > yo.

(ITT) Suppose that P = P; and deg P; > ¢ + y with some i > m. Let
T € A with degTy — degP < degT < y = deg A, we have

deg gi(T) < deggr(A) < ¢ + ng deg A < ng(ci + deg A) < ny deg P.

As ny, < 2 and gi(T) # 0, gx(T) cannot be divisible buy P2, If v = 1,
we are done.
Now assume that v = 2. Similar process as in [6] will give the result.
(IV) Suppose that P = P; and degP; < ¢+ y with ¢ > m. If d >
2deg P, then for each residue class modulo P2, there are (q—1)g¢—2des?
elements of Ay. Let ¢; := max{2deg P;,deg Ay — degP}. Then we can
see that

Bp(y) <14 (¢ =1) Y 1<t

A mod P2
g(A)=0 mod P2

Now, using (I)-(IV) and (6.1), we have
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B(y) > (¢ —glesdomdePy N Bp(y)
i>m,deg P;<c+y
(6.2) > (qy—H - qdeng—degP) - Z qu—&—&-l

i>m,deg P;<c+y

-1
> qy+1(1 _ L) _ qdegAOfdegP'

The last term in (6.2) tends to co as y — oo, and this proves our
proposition. ]

THEOREM 6.6. Let B be a nonconstant monic polynomial with B+ 1
square-free. Then for any positive integer h, there exist infinitely many
real quadratic function fields k(\/ﬁ) with period and quasi-period 4 of
minimal type such that hp > h and Mp = 2(B — 1).

Proof. In Proposition 6.3, we take F' = —1 and deg £ > 0. Then, if
D is square-free, then Mp = 2B + 2. Taking 2V = FE, we easily see that

(B+1)2

T

Also it is easy to see that ged(B%(B + 1)%,(B? — 1)(B — 2),(B +
1)2) = B + 1, which is square-free by assumption. Thus the quadratic

polynomial D(V') satisfies the conditions of Proposition 6.5. Now apply
Proposition 6.5 and Lemma 6.2 to get the result. O

D(V)=B*B+1)>2*V?— (B - 1)(B+2)V +

7. Yokoi’s invariants in even characteristic

In this section we consider Yokoi’s invariants in even characteristic.
We have the following variant of Siegel’s theorem in characteristic 2,
which also follows from Theorem 7.6.3 of [8].

PROPOSITION 7.1. Let (A, B) € §”. We have

log(h d
- 08(ha,p) deg€a,p) _ L
deg A—o0 log ‘A|

Let (A, B) € 8" and y = y(4,p) be as in §2. Let 3 be the conjugate
of y and

e=T+Uy=T +U"y
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be the fundamental unit of K4 p). We define Yokoi’s invariants N =
N(A,B) and M = M(A,B) by

T'=UYPN+E and (U)>=TM+F
with deg E < deg(U’)? and deg F' < degT".

REMARK 7.2. The reason for using 3/ instead of y is that y is reduced,
but ¢/ is not as v/D. If we use y, then we always have N = 0. Note also
that U’ = U.

PROPOSITION 7.3. Let the notation be as above. Then
A A? U’ T
=[] =[] ma = [5]= )

Proof. Since yy' = B and |y'| < 1, we easily see that |[T" + U'A| =
|U'y'| < |U'|. Thus T" = U'A+V with degV < degU’, which implies
that N = [A/U’']. Let A=U'N + W with degW < degU’. Then
A2 = A(UN+W) = (AU + V)N + AW + VN =T'N + AW + VN,
and it is easy to see that deg AW < deg AU = degT’ and degV N =
degV +deg A —degU < deg A < deg AU = degT’. Thus N = [A2/T].

Let T + U'A = V with degV < degU. We have, since the polyno-
mial part function [-] is additive, [(U")2/T"] = [U’/A] + [U'V/AT'] and

[T'/A% = [U'/A] + [V/A?]. Now one can show easily that degU’V <
deg AT and degV < deg A2, which implies the result for M. O

Let x(4,5) be the quadratic character for k(4 p)/k. Then it is known

that the conductor of x4 py is A? ([4]). Then as in the odd characteristic
case we have;

THEOREM 7.4. Let the notation be as above. Let d = deg A. Then
i 2deg A —deg N if N#0
i) degea,p) = .
2deg A+degM if M #0
ii) If N # 0, then
g*(d+1)
(¢ —1)(2d — deg N)loggq

h(A,B) <

If deg M # 0, then

¢“(d+1)
q—1)(2d + deg M)logq

h(A,B) < (
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iii) Let 0 < € < 4/27. Assume that d > 2 for ¢ = 3 and d > 5 for
q=2. If N #0, then

6qd(l—e)

6(q —1)(2d — deg N)logq

h
(AB) ~ 7

If M # 0, then
d(1—e)
€q
h > .
(4,B) 16(q — 1)(2d + deg M) log q
PROPOSITION 7.5. Let the notation be as above. Let C' be a noncon-

stant polynomial. For any nonzero polynomials E and F' with deg F' <
deg C, we put

A:=(CE+F)(CF+1) and B:= (CF+1)E+F2: (CE+F)F+E.
Then (A, B) is of minimal type with period and quasi-period 4 and
y(A,B) = [Av 07 CE + F> C] and yEA,B) = [O? Cv CE + Fv Ca A]

Moreover, if (A, B) € 8", then the Yokoi’s invariant M = [C'/F]| +
[1/E].

Now the problem is to show that there exist infinitely many pairs
(E, F) such that (CE + F)(CF +1),(CE + F) + E)S”. Suppose that
F=1and P=C +1 is irreducible.

LEMMA 7.6. Let P = C + 1 be irreducible. If Q = CG? + 1 with
deg G > 0 is irreducible, then (A, B) € 8" for A= (CG*+1)(C +1) =
PQand B=CG*+1+G?>=PG?*>+1=Q +G>.

Proof. We need to check that
X?+AX +B=0 mod H?

has no solution for H = P or (). Suppose that we have a solution x for
H=Q. Then t =G mod Q. Write z = G + QL. Then

G?’+PQG+Q+G?*=0 mod Q?,

that is, PG+1 =0 mod @, which is impossible, since deg Q > deg(PG+
1). Similarly we get the result for H = P. O

COROLLARY 7.7. Let C' be nonconstant polynomial with P = C + 1
irreducible. If Bunyakovsky’s conjecture for f(X) = CX? + 1 is true,
then there exist infinitely many real quadratic function fields K4 p)
with period and quasi-period 4 of minimal type such that ha gy > h
and M = C.
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